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Abstract Thc intcgro-ditkrcntial eljuation glHcrning the isothermal creep rupture beha\ lOur of a
kinematically dctermincd t\\o-oar structure under steadv load is derived and solved in anahtieal
form. One (;1' the oars IS described oy an elasto-creep n;:llenal model that accounts for the 'thrce
phases of creep defornwtion and for the full c'llipling het\\een the creep defonnation and damagc
processes. The second bar is assumed to ha\c a linear clastic bcha\ iour. Thc non-linearitv of the
constitutive equations and the stress redistributilln induccd oy the dcwlopment of creep damagc
are the majllr ph\ sleal featurcs dealt wnh in this study. 1\ umcrical apphe:ltlons illustratc thc
mathematical featurcs of thc anal) lic:t1 solution obtaincd
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Structural analyses of engineering components operating in the material creep range require
the use of powerful numerical techniques. such as the tinite clement method. Analytical
solutions for case studies arc. nevertheless. useful on two accounts: first. by providing exact
solutions against which to compare the approximate numerical results alll!. second. by
fostering insights into the bchaviour of more complex structures.

Closed-form solutions for creep deformation problems are generally restricted to
transient and steady state analyses of simple metallic components. For creep rupture
problems they are limited to situations where either the structure is statically determined
or the elastic and primary crcep strains arc neglected.

This work presents a closed-form solution for the isothermal creep rupturc of a tv.o
bar structure subjected to a constant load and constrained to move in the direction of the
applied load. Both bars are stressed to a low fraction of their material yield stress at the
temperature considered but only one of them is assumed to undergo creep deformation.
Under these loading conditions rupture of thc LTeeping bar is essentially brittle and occurs
at small strain lewl with no significant reduction of the har cross-section. This type of
rupture is assigned to phySIcal damage of the material microstructure characteri/cd by the
formation. growth and coalescence of microcracks and voids al the grain boundaries. To
model this low-stress isothermal creep rupture behet\iour an clasto-creep theory is employed
describing the primary. secondary and tertiary phases of creep deformation and the full
coupling between the deformation and damage processes. The second hal' is assumed to
have a simple linear elastic beha\iour.

In the structural model studied as damagc gnms stresses arc transferrcd from the
elasto-creeping bar (EC-bar) to the clastic bar (E-bar) with grC:lter load-carrying capacity.
With the collapse of the creeping bar the applied load is then sustained by the rcmaining
elastic bar. Consequently. there is no failure in a global structural sense. This problem may
thus be viewed as the brittle rupture under isothermal creep conditions of an uniaxially
stressed bar that unloads with the degradation of ils microstructure.

The high non-linearity of the constitutiw equations and the stress redistribution
process induced by the development of material damage are the physical features dealt with
in this study. Together with the propagation orthe railure fronl these features are the major
sources of numerical ditJiculties associated with [he solution or actual engineering creep
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rupture problems. To the author knowledge. the results reported are the first analytical
solution obtained for a creep rupture problem governed by an elasto-creep theory which
considers the phenomenon of stress redistribution induced by material damage. By this
reason. the results derived. although referring to a relatively simple structural problem,
may certainly contribute to the assessment of finite element softwares that incorporate a
multiaxial generalization of the material model adopted. Numerical examples illustrate the
mathematical features of the analytical solution obtained. An ad hoc extension of these
features to multiaxial stress states is also briefly addressed.

2. PROBLE\1 DESCRIPTION A"iD MATERIAL LAWS

The two-bar structure examined is shown in Fig. I. It consists of two parallel bars of
the lengths L I and L. and cross-sectional areas .S I and S2' One end of each bar is pinned
to a rigid abutment and the other end to a rigid block whose motion is constrained to be
vertical. A downward vertical load P is applied to the rigid block.

Deformation behaviour of the first bar is described by an elasto-creep model which
accounts for the primary, secondary and tertiary phases of creep deformation, and for the
full coupling between the creep deformation and damage processes. According to this
model, the total strain 1:; (t) can be decomposed into elastic BT(t) and creep c~'(t) strain parts
(strain partitioning rule). The former is governed by Hooke's law while the latter is given
by the extended form of Kachanov's (1958) constitutive equations proposed by Rabotnov
(1969). In rate form these constitutive equations are written as

d,,: (t)

cit
(I)

(2)

(3)

where E I is the Young's modulus. IJI(I) the nominal stress, B" N I and tn l ( -I < tn, ~ 0)
material properties and (1),(1) the scalar variable describing the current state of material
damage. [n the initial undamaged state (I), is equal to zero and during the deformation
process the value of (0)1 increases monotonically from zero to a critical value (Ocr (close to
unity) at final failure.

The evolution of the damage \ariable is given by
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(4)

where A" X, and </>, are additional material properties. The polynomial term in the time
variable ("I has been included in the creep strain rate and damage rate equations (3) and
(4) to account for primary creep effects.

In his original work Kachanov ( 1958) interpreted the damage variable as the fraction
of the cross-sectional area of an clement of volume which is occupied by either voids or
internal fissures. The net stress acting over the effective cross-section of an uniaxially tensile
specimen is, therefore. a (1 -('J), where (J is the nominal applied stress. Clearly the net stress
is greater than the nominal stress and increases considerably at final rupture. Rabotnov
(1969) pointed out. however. that such physical interpretation was not strictly necessary in
the context of the phenomenological approach proposed and this viewpoint is followed
here. Kachanov-Rabotnov's equations were later generalized to multiaxial stress states by
Leckie and Hayhurst (1974) (isotropic creep damage theory) and by Murakami and Ohno
(1981) (anisotropic creep damage theory). among others.

The second bar is assumed to have a simple linear elastic behaviour governed by
Hooke's law, so that

df'~(t)

dr

d!;~U)

dr

I da,(r)

E= dr
(5)

Before deriving the problem governing eq uation it is convenient to introduce a new
time scale r*. given by

r* = f' r"'l dr = (" . ,
foI CI

(6)

in order to eliminate the explicit dependence of time in the creep strain and damage
evolution equations (.3) and (4). Considering eqn (6), the constitutive equations (1) to (5)
are then rewritten as

. * A, [(J, (I*)]X I

(')1(1 ) = -.-- - .-.-
III, + I [1-(1)1 (1*)]"

,r * 'C * I.. *
!.=(I ) = f'=U ) = E, a=(t ).

where the overdot indicates differentiation with respect to the new time scale r*.

:,A'i J2-21-B

(7)

(8)

(9)

(10)

(11 )
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3. GOVERNING INTEGRO-DIFFERE;\ITIAL EQUATION

Equilibrium of forces in the vertical direction requires that at any instant

Compatibility of displacements in turn imposes

(12)

(13)

where tl is the vertical displacement of the rigid moveable block.
At the instant of loading (t* = 0) the instantaneous elastic response is

(
k ) P

(Jj(O) = ;::~k2s'

and

T E (Jj(O)
i:, (0) = I: j (0) = If-;-'

where k j = S,Ed L j is the elastic stiffness of the i-th bar (i = 1,2).
Substitution of eqns (7)-(9) and (II) into eqn (13) in rate form yields

(14)

(15)

(16)

Rearranging terms and considering eqn (12) in rate form, it is possible to rewrite eqn
(16) as

IT\ (t*) B 1 ( (J\ (1*) )N i

-- +--- - --- = 0,
E* m\+1 I-w\(t*)

where E* = [k 2 /(k\ +k 2 )]E\.
The damage evolution eqn (10) can be integrated to give

\

r A I (1 + ¢ \) I." }T+:t;~w\ (t*) = 1-"\ J - ------- [(J\ (r)]X' dr .
l m\ + I .0

Substitution of eqn (18) into eqn (17) leads finally to

IT\ (t*) B
1

[(J\ (t*))'1-- - - + --- ---- ------------~--.- = 0
E* In\ + I ,~, '

{
AI (I + ¢ \) I." }~1- ----- [(J\(r)]X'dr

In\ + I .0

(17)

(18)

(19)

which is the nonlinear integro-differential equation in (J\ (t*) governing the deformation
and rupture behaviour of the two-bar structure under examination. Initial conditions are
given by the elastic response (eqns 14 and 15).
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4. PROBLEM SOLUTION

Let

Differentiating eqn (20) with respect to time yields

from which

At the initial time (1* = 0), eqns (14), (20) and (21) give

y(O) = I

and

Differentiating eqn (21) with respect to time and introducing eqn (22) results in

3091

(20)

(21)

(22)

(23)

(24)

from which

- j'(t*)" + ll- (l~¢~)l Li'.(t*W
. N

j
y(t*)

Substituting eqm (20), (22) and (26) into eqn (19) yields

where

(26)

(27)
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.c/ =
B 1'!J=- ------

.V
J

(
NIA I )X--:

(111 1 +1)----
nil +1

(28)

I-NICI =--
XI

Equation (27) is the nonlinear second-order ordinary differential equation corresponding
to the original integra-differential eqn (19).

For solution of eqn (27) the following change of variables is introduced

leading to

or

p(r) = -i'(l*)

dp( r) , I '0
c/y(l* )p(y) - d--' -c/C6 [per)]- - .16'[p(y)] - '/[y(t*)] .J = 0,

Y

dp( r) ( I \~ (lJ.) ,-, + -(6--- J(r) = ..-[y(t*)]r,:/ I [p(r)]-J,
dr I'(l*),.vi .

(29)

(30)

(31 )

which is a classical nonlinear differential equation of first-order in p(y) with variable
coefficients known as Bernoulli's equation.

A Bernoulli's type equation can be solved by the method of separable variables.
Introducing

p(y) = u(y)l'(y)

eqn (31) yields

l ~ J''IJu'(r)r(r)-ru(r) r'(r)---I'(r) =-.[)·(.t*)]l''/ I [r(.r)]-'/[u(.r)]-·/,
.. . - r(l*) '0i'

(32)

(33)

where the superscript prime indicates differentiation with respect to y(t*).
The function l'(r) is determined as one particular solution which cancels the expression

between parentheses in the second term of the left-hand side of eqn (33), e.g.

(6
1"( r) ---, I'( r) = O. --+ I'( r) = [r(t*)]·".

. r(l"')' "

Substituting the expression for l'{J) back into eqn (33) yields

'IJ
u(r) =~;r ( I [u(y)]/

from which

(34)

(35)
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, .YJ "
J[1I(r)f dll = rI JI' f I dy.

3093

(36)

It will be shown in the following that an analytical solution for the lI(y) function in
eqn (36) leading to a closed-form solution for the integra-difTerential problem of interest is
possible with

o = - I and C = O. (37)

It is not difficult to verify that other combinations for ry and ({; lead to recurrence
integration formulae for evaluation of the u(y) function rendering it almost impossible to
obtain closed-form solutions for the original problem of interest.

Conditions (37) imply that (see eqn 28)

and also that

.38 (/VI-l)E*BI
~- - ---_._._.-

Equation (36) subjected to the constraints imposed by eqn (37) simplifies to

Integration of eqn (40) yields

{\I IJC"8 1

u(r) = Klr--'- I,

where K I is a constant to be determined.
With L'(Y) and lilY) functions determined, pCr) is then obtained as (eqn 32)

1\'1 IIF*H 1 (-'"I 1'1:'*B 1

ply) = u(r) r(r) = Klr-\~I, r il = KLr---V;-j~-.

(38)

(39)

(40)

(41)

(42)

The unknown function 1'(1*) is now determined by considering eqns (29) and (42).
Thus from

it follows that

- fU'1 r
-.lllOj --=- I

Two cases must now be considered:

Case (I): (N 1 -I)E*B, -:I NIA I

Fram eqn (44) it follows that

dr...:_-- = dr*
p(r)

('\1 I JC"'B 1 1~1i<

\,1, dr = . K
I

dT.
• (I

(43)

(44)
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(45)

as

Differentiating eqn (45) with respect to time yields

(;V I -1 l£*B j

i'(r*) = - K II -(1'\1I_A 1=:(1'\11 - I)E*~)K t*J~~iNI -I IPB
1. (46)

I NIA I I

Constant K I is obtained considering the initial condition (24) and eqns (38) and (46)

(47)

The stress history for the EC-bar can now be determined from eqn (22) by considering
eqns (38) and (45)-(47) as

"';*SI

{ (
NA-(N-l)E*B) }N4

0" I (r*) = 0" 1(0) 1- • I 1 'I I [0" 1(O)tl I r* I' 1

1111+ 1

The stress history for the E-bar in turn is obtained from eqns (12) and (48) as

The damage growth in the EC-bar is obtained from eqns (18), (38) and (48) as

By recalling that at rupture (1)1 (t~) = (l)no the EC-bar lifetime is determined as

(48)

(49)

(50)

(51)

where 0 < (l)n < 1.0.
The total strain history of the EC-bar is determined from the elastic and creep strain

histories according to the strain partitioning rule (eqn (7». The former is determined
immediately by considering eqn (8) in non-rate form and eqn (48). The creep strain history
in turn is obtained by integrating the creep strain rate (eqn (9» after properly introducing
eqns (48) and (50). Thus,
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E"'81

E*B
1

The total strain of the E-bar is easily obtained from eqns (13) and (52) as

Case (2): (N1-I)E*B1=N1A 1.
From eqn (44) it now follows that

y(t*) = e~I\,,·.

Differentiating eqn (54) with respect to time yields

3095

(52)

(53)

(54)

(55)

Constant K
1

is obtained considering the initial condition (24) and eqns (38) and (55)
as

(56)

The stress history for the EC-bar can now be determined from eqn (22) by considering
eqns (38) and (54) to (56) as

( AlA I)
-------;--------(a (Ol]"1 J(*

0"1(1*) = ()1(O)e(,',,--IIIIU,+I) I

The stress history for the E-bar in turn is obtained from eqns (12) and (57) as

The damage growth in the EC-bar is obtained from eqns (18). (38) and (57) as

By recalling that at rupture WI (t~) = W cr • the EC-bar lifetime is determined as

(57)

(58)

(59)

(60)

where 0 < W er < 1.0.
The total strain history of the EC-bar is determined from the elastic and creep strain

histories according to the strain partitioning rule (eqn 7). The former is determined immedi
ately by considering eqn (8) in non-rate form and eqn (57). The creep strain history in turn
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is obtained by integrating the creep strain rate (cqn 9) after properly considering eqns (57),
(59) and the condition (NI-I)E*B I = NIA I. Thus.

( SIAl) (-SIAl)

(}I (0) { :-- ···-[~I'_II']\ ' 1* £1 l----IUlll1)]'l '1* -l l }.1:;(1*) = ~ e,\,· 1IIIII ,+ I, - E* e\,· 111''',+1) J

The total strain of the E-bar is obtained from eqns (13) and (61) as

(61 )

(62)

To obtain the results in terms of the real time scale I. it remains to consider the inverse
of the transformation eqn (6). For ease of reference a summary of the results thus derived
is compiled next in normalized form.

5. FORMULA SLMMARY

Stress histories:

£"'8 1

(
k \ P

(},(O) = --'--)-.
k l +kc S,

Total strain histories:

and

f;1UIR)

£;(0)

D~(lIR)

1:1(0)

F*B

E J fl l ~'~I_I)PB'J(I)III'+IJN'A"-'(-V;~I)E*B;}- "\ 1- 1-(1-(1) ) A - -1
E* l L" IR '

with

Damage history:

EC-bar lifetime:
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Stresses and strains at EC-bar failure (t/fR = I):

Stress histories:

Total strain histories:

Damage history:

EC-bar lifetime:

Stresses and strains at EC-bar failure (t/f R = 1):

3097

OBS: (I) The structural response of the EC-bar when carrying the applied load alone can
be obtained by evaluating the limit of Case (I) expressions when k 2 -> O. Thus,

Stress history:

Total strain history:

S/lS ]2-"1-(
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Damage history:

T P£1(0) = --.
EIS I

EC-bar lifetime:

I,

Stress and strain at EC-bar failure (t:t R = I):

(J I ( I l
(JI (Ol

c:;(I) E1B I
--- = I---ln(l-wcr )'

c:;(0) AI

OBS: (2) For both cases (NI-I)E*B I i= NIA I and (N] -I)E*BI = NIAj,

when t > tR then {

(J2(t/t R) = P/S2

£I(t/tR ) = P/(E2 S2 )'

6. ~UMERICAL APPLICATION

Numerical applications are now considered to illustrate the mathematical features of
the analytical solution derived. Reporting to the formula summary of Section 5 some
remarks are initially in order. First it is noted that given a specific elasto-creep material
Il'hose properties satis!.'· the constraints XI = <PI = NI-I (eqn (38)), the response of the two
bar structure to an arbitrary constant mechanical load under isothermal condition is a
function of the ratio between the elastic stiffness of each bar only (through the parameter
E*). Second, when primary creep is neglected (m] = 0) and the elastic stiffness ratio (k 1Ik2)

is equal to [(E] BI/A]l-I], damage grows at a constant rate of Wei' This latter remark
indicates that the response characteristics of the two-bar structure are dependent of the rate
of damage growth, as will be clarified next.

The material selected for the elasto-creeping bar is a Ti-6AI-2Cr-2Mo titanium alloy
whose properties are specified in Table I (Walczak et al., 1983) for the temperature of 675
K. The threshold value W er is set equal to 0.9.

The geometry of the bars and the Young's modulus of the elastic bar are selected to
give specific elastic stiffness ratios, but are otherwise arbitrary. To illustrate the different

Table I. Material properties for Ti--6AI-2Cr-2Mo
titanium alloy at 675 K (Walczak el al.• 1983)

Property

E,
!V,
B

I

XI = ,p,
A,
1J1

1

Value

0.102 x 10' MPa
6.8
1.38 x 10- 24 MPa '.k h-'
5.79::::;5.8(=1'1,-1)
1.08 x 10 211MPa "h- '
0.0
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responses of the two-bar structure. two elastic stiffness ratios are considered: (I)
(k 1/k 2) = 18 (>[(E1B1/A1)-IJ) and (2) (k l /k 2 ) = II «[(EIBIIAI)-IJ). It is not difficult
to verify that when primary creep is neglected the response pattern associated with the
particular condition (N1-I)£*B1= NIA I is similar to that corresponding to
(k l /k 2) < [(£IB]/AI)-I].

All results (stress, strain and damage histories) are presented in normalized form. If a
specific load is required, it is recalled that the formulae derived are valid only if the elasto
creeping bar is loaded to a low fraction of its material virgin yield stress at the temperature
considered (830 MPa, in this case). Specific numerical expressions for all the curves drawn
are compiled in the appendix.

Figures 2 to 4 show the stress. strain and damage histories for the two-bar structure
with an elastic stiffness ratio (k Ilk 2 ) = 18. For comparison, the strain and damage histories
of the EC-bar when carrying the applied load alone are also presented in Figs 3 and 4,
respectively. It is recalled that the (constant) stress acting on the EC-bar working alone is
greater than the initial stress supported under the two-bar configuration. The one-bar
results were further normalized with respect to the rupture time of the two-bar structure
(see appendix).

The beneficial effect of the stress redistribution process on the elasto-creeping bar
lifetime is clear from Figs 3 and 4; in the two-bar configuration the EC-bar lifetime
increased 230%, approximately. The strain and damage histories, nevertheless, exhibit the
same general pattern of evolution in time.

Complete results (stress. strain and damage histories) for both elastic stiffness ratios
considered are shown together in Figs 5 to 7. For a better comparison, the results relative
to the elastic stiffness ratio (k IIk1) = II are normalized with respect to the rupture time of
the two-bar structure of ratio (kllkJ = 18 (see appendix).

With regard to Figs 5 to 7, two broad conclusions can be drawn. First. damage grows
at an increasing rate when (k l /k 1 ) > [(E1B1IAI)-I] (a response similar to that observed
when the creeping bar carries the applied load alone) and in a decreasing rate when
(k l lk 1 ) < [(EIBI/A I )-I]. Second, the two-bar lifetime is markedly greater in the decreasing
damage rate case. Both statements are easily confirmed by direct examination of the
formulae derived.

T
m~<f!

<f!
W U2(t/t R)
0::
I- G;(O)<f!

l0
W
N
:J
<l
:;;'
0::
0

"
0

1.0

o,~ I 0,"",' i

~(O)

I I I
0.0 0.2 0.4 0.6 0.8 1.0

NORMALIZED TIME

Fig. 2. Normalized stress histories.
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Fig. 7. Damage histories.

4 5

7. CONCLCDING REMARKS

In this work an analytical solution has been determined for the isothermal creep
rupture behaviour of a two-bar structure subjected to a constant load. This problem may
be viewed, essentially, as the brittle rupture under isothermal creep conditions of an
uniaxially stressed bar that unloads with the degradation of its material microstructure.
Although referring to a relatively simple structural problem, the solution reported, by
taking into account the stress redistribution process induced by material damage, shall be
useful in assessing approximate numerical results obtained through finite element softwares
that incorporate a multiaxial generalization of the material model employed.

The observation that damage growth is affected by the ratio between the elastic stiffness
of the creeping (damageable) and elastic (damage free) parts of the two-bar structure may
be extended on an ad hoc basis to multiaxial stress cases and eventually exploited in high
temperature design. Essentially in situations where creep deformation is expected to be
confined to a homogeneously stressed zone in the component, the neighbouring elastic
regions should be designed so that the ratio between the elastic stiffness of the creeping and
elastic regions be lower than [(£1 BIIA I) - I]. Hence the creeping region will develop a high
fraction of damage early in a comparatively much longer life. Since regions with higher
damage values are more easily detectable by non-destructive examinations, corrective
measures can be taken at an early stage of the component's life, thereby considerably
diminishing the risk of a sudden local collapse.

The ad hoc extension suggested above disregards primary creep, is restricted to
materials whose properties satisfy the constraints given by eqn (38) and implicitly assumes
that creep damage in multiaxial stress states can still be represented by a scalar variable.
The more limiting condition, however, appears to be that of the creeping region be homo
geneously stressed. The same stress condition is not strictly required in the neighbouring
elastic region, because a non-homogeneous stress field in this region may be approximately
represented by a set of (n) homogeneously stressed bars, which is a direct generalization of
the problem examined. The full validation of the ad hoc extension proposed and its further
extension to the more general case of non-homogeneous multiaxial stress states in the creep
region clearly deserves additional investigation.

Ackllo\l"/edl/el11e1ll· .This work is published by permission of the Comissao Nacional de Energia Nuclear. Brazil.



Isothermal creep rupture

REFERENCES

3103

Kachanov, L. M. (1958). Time of the fracture process under creep conditions. 1::1'. Akad. Nauk., USSR, Ofd.
Teck. Nauk. 8, 26~31.

Rabotnov, Yu. M. (l969l. Creep Prohlems in Strucfural Memhers. North-Holland. Amsterdam.
Leckie. F. A. and Hayhurst, D. R. (1974). Creep rupture of structures. Pro('. R. Soc. London A340, 323~347.
Murakami S. and Ohno, N. (1981). A continuum theory of creep and creep damage. In Creep in Sfrucfures (Edited

by A. R. S. Ponter and D. R. Hayhurst). Springer, Berlin.
Walczak, J., Sieniawski, J. and Bathe, K. J. (1983). On the analysis of creep stability and rupture. Compo Sfrucf.

17. 783~ 792.

APPENDIX: SPECIFIC NUMERICAL EXPRESSIONS FOR THE EXAMPLES CONSIDERED

Case (I): (k,/k,) = 18( > [iE, 8,/A,) -I]).

Stress histories.

Total strain histories:

rJ'(lf) ( f'"''''~_'~R= 19-18 1-09985-)
IT-(O) f R

18 P
rJ',(OJ=T9S;-'

I P
rJ',(0) = --~

- 19 S,

Damage history:

EC-bar lifetime:

": (lUR) 1:~(r/fR) ( I")" ''''
- ._- = -.-- = 19-18 1-0.9985-
~(~ ~(~ \ ~,

.1 18 P I I P
1.,(O)=T9£,s,' r,(O)=T9£,s~'

(
f'"''''

UJ (lifR) = 1- 1-0.9985 - ) .
f RJ

IR = 3.277 X 10"[IT, (Ol]

Stresses and strains at EC-bar failure (fUR = I):

~~l = 0._)0)'. IT,il) 15.29.
IT, (0) IT,(O)

1:;(1) d(l)
-- = -~ = 15.29.
,,;(0) I:I(O)

Case (2): (k,/k,l = 11 « [£,8, A,)-I])

Stress histories:

1T,(f f R ) = (1-06842-'-)" -"
rJ', (0) fR

II P
IT,(O) = US;-'

Total strain histories:

IT,(U R )

IT,(O)

Damage history:

,.T (f f) ,.' (fi f ) , f')' I
L.~ = "_,_R_ = 12- II (1-0.6842.-
Ii (0) r~ (0) . f R/

(

",,·)S

OJ, (f!fR ) = I - I -0.6842 f~) .
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EC-bar lifetime:

O. J. A. Gon~alves Filho

Stresses and strains at EC-bar failure (I I. = I):

u, (I) = 0.0820,
u,(O)

u,(1)

u,(O)
11.10,

1:: (I) ri (I)
-_. = --- = 11.10
f: (0) 1:) (0)

OBS: to normalize previous expressions with respect to the rupture time of Case (I),

l.e.
(

1\

replace i~) where

I." ,,3.277 x 10"(18:19) \ '(P;S,) 5.'
~ = ------ =

I.", ,.,." 1.266 x 10'''(11:12) 5'(P:S,) 5.'

Case (3). One-bar structure (limit of Case (I) expressIOns when k, ---+ 0).

Stress history:

P
I, u,(Ol=s;-'

Total strain history

0.2138.

Damage history:

,,:(11.) [ I]------=1--1.917In 1-(1-0.1")-1."r: (0)

T P
I:,(O)=-S'

£, ,

EC-bar lifetime.

[ I]""'"'0,(11.) - 1-1-(1-0.1"')1;

I. = 1.362x 10"'[u,(0)] 55.

Stress and strain at EC-bar failure (I IR = I):

u, (I)

u, (0)
I:

.1(1)
" = 31.01.
': ((1)

OBS: to normalize previous expressions with respect to the rupture time of Case (1).

C\ ( I )I.e. 'Roil-, I ~ •
replace -) by Ii , where

I R / tRI(~ Ik) = loS

I. '\ 3.277 x 10''1(18;19) <'(PIS,) ~ t<:

Ii =
'i,X

3.292.
(RIC U62x 10"'(pS,)


